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Series Editor's Introduction 

The tools broadly labeled as "regression" have expanded in number 
and power over the past two decades. In the "old days," researchers 
trying to link a set of explanatory variables to a single response vari
able were essentially limited to the general linear model: analysis of 
variance-analysis of covariance and multiple regression. These were 
useful tools when the response variable was measured on an equal in
terval scale. However, in the social and biomedical sciences, few of 
the response variables of interest come in equal interval metrics. Re
sponses to survey questions are often, even typically, categorical (e.g., 
"employed," "unemployed") or ordinal (e.g., "agree," "uncertain," "dis
agree"). The same holds for the outcomes of people processing and 
medical institutions: sick or well, arrested or not, dropped out of school 
or not, ¡ived or died, high school diploma or college degree or post
graduate degree, and so on. For these kinds of response variables, the 
general linear model is inappropriate and will often give misleading 
answers. 

The solution within a regression framework is "regression-like" mod
els, sometimes collected within the framework of the generalized linear 
model. The basic idea is still work with a lin,ear combination of explana
tory variables, but to allow them to be related to the response variables 
in a nonlinear way through a "link" function. Then the disturbance is 

xix 
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distribution, usualIy not the normal. For example, 
the log of the odds of some binary outcome (e.g., 

is on tbe usual linear eombination of explana-
variables with the underlying conditional distribution of the binary 

outcomes taken to be binomial. 
In this Scott addresses these and related kinds of statis-

tical 1 am very to add Scott Long's Limited Depen-
dent Van:ables to the series. The topies are of both praetical and theoret
Ical and Professor Long has done a excellent job of exposi
tion. The book is well suited as a text for graduate students in the social 
and biomcdical sciences. It will also serve as a wonderful reference for 

The core 01' Professor Long's approach is "statistical modeling," A 
"model" is a of the processes being studied and/or 
an of a scientiflc theory. A model is not merely 
a data reduction device. Given the emphasis on modeling, it is especially 

that the techniques discussed be used judiciously and that 
Professor caveats be taken to heart. Thus, even a state-of-the-art 
statistical is unlikely to salvage much of use from a seriously 
flawed dataset. In addition, one must be able to make the case that the 
statistical model maps well onto the empírical phenomena being stud
ied. researchers use cause-and-effect language at their peril unless 
there has been real manipulation of the explanatory variables. FinalIy, 
when statistical in1'erence is to be undertaken, the sources of uncertainty 
have to be articulated in a fashion that is consistent with what the model 
assumes about how the uncertainty opera tes. 

There is about the valídity of these principies, but 
there are about what these principIes mean in prac-
tice. 1b it a bit (but only a bit) too starkly, at one extreme there are 
those who never saw a model did not like. At the opposite extreme 
are those who never saw a l110del Iiked, Most researchers fall be
tween these extremes where the issues often boj] down to where the 
burden 01' lies-1'or some, a model is acceptable as long as there 
is no strong evidence to undermine it. For others, a model is unaccept
abIe unless there is evidence to support it. I suspect that social 
and biomedical researehers tend to fall in the first camp and that statis
ticians tend to fall more in the second campo However, from this tension 

has come a range 01' diagnostic tools that can help (but only 
to determine how sound a model is. Professor Long is to be com-

mended for a healthy dose of those diagnostics in this book. 
Practitioners should take them very seriously. 

Senes Editor's lntroduction xxi 

Finally, a word about software. For most of the procedures disc~s~ed 
in those book there exist statistical routines in all of the major statlstIcal 
packages. This is both a blessing and a curse .. The bles~i~g is that min
imal computer skills are required. The curse IS that mll1lmal compu~er 
skills are required. Right answers and wrong answers are easy to obtam. 
With this in mind, Pro1'essor Long discusses ,some of the most popular 
software. This too deserves serious study. 

RICHARD BERK 



Preface 

This book is about regression models that are appropriate when the 
dependent variable is binary, ordinal, nominal, censored, truncated, or 
counted. 1 refer to these outcomes as categorical and limited dependent 
variables (CLDVs, for short). Within the last decade, advances in sta
tistical software and increases in computing power have made it nearly 
as easy to estimate models for CLDVs as the linear regression model. 
This is reflected in the rapidly increasing use of these models. Nearly ev
ery issue of major journals in the social sciences contains examples of 
models such as logit, probit, or negative binomial regression. While com
putational problems have largely be en eliminated, the models are more 
difficult to learn and to use. There are two quite different reasons for 
this. First, the models are nonlinear. As readers willlearn well, the non
linearity of many models for CLDVs makes interpretation of the results 
more difficult. With the linear regression model, most of the work is done 
when the estimates are obtained. With models for CLDVs, the task of 
interpretatíon is just beginning. Unfortunately, all too often when these 
models are used, the substantive meaning of the parameters is incom
pletely explained, incorrectly explained, or simply ignored. Sometimes 
only the statistical significance or possibly the sign ís mentioned. A sec
ond reason that these models are difficult to learn is that while models 
for CLDVs are more complicated than the linear regression model, most 

xxiii 
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books discuss them briefly, if at al!. While hundreds of pages may 
be devoted to the linear model, only a dozen or two pages 
are devoted to models for CLDVs. 

in this book is to provide a unified treatment of 
the most useful models for categorical and limited dependent variables. 

the book, the links among the models are made explicit, 
and common methods of derivation, interpretation, and testing are ap-

Whenever possible, 1 relate these models to the more familiar 
linear model. While Chapter 2 is a brief review of this model, 
1 assume that readers are familiar with the specification, estimation, and 

01' the linear regressíon mode!. 
The best way lO learn these models is by seeing them applíed to 

real data ancl applying them as you read. To that end, 1 iIlustrate 
each model with data from a variety of applications ranging from at
titudes toward mothers to scientific productivity. You may 
find it useful to reproduce the results presented in the book using 
your statistical To that end, 1 have placed the data from the 
book with programs on my homepage on the World 
Wide Web (http://www.indiana.edurjsI650) or aeeess the Sage Website 
http://www.sagepub.eom/sagepage/authors.HTM for information. While 
I used GAUSS-Markov for most of the eomputations, I will be adding 

programs written in Stata, SAS, and LIMDEP. And, a book on 
using Stata to estimate models for CLDVs is planned. 

This book grew out of a course on eategorical data analysis taught 
from 1978 to 1989 at Washington State University and at Indiana Uni-

sinee 1989. this eourse is a eonstant ehalIenge and souree 
of satisfaction. If you find the explanations that follow to be c1ear, it is 

the fault of those students who refused to aeeept unelear explana
few refused to aeeept e1ear explanations, but that is a different 

UI..c;""Jll:> from students eontinually motivated me to find a way 
to make diffieult topies aceessible. And, indeed, sorne of the topics are 
diffieult. While [ have 80ught to present the models fully and e1early with 
the mathematie8 possible, some readers will find the mathemat-
¡cs to be a 1 hope that these readers will persist, beca use I 
have to find an person who eould not master these teehniques and 
use them to learn more about the social world. 

J. SCOTT LONG 

BLOOMINGTON, IN 
JUNE 12, 1996 
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Abbreviations and Notation 

The following abbreviatíons and notation are used throughout the book. 
While 1 have tried to use consistent notatíon and to avoid using the same 
symbol for more than one purpose, there are a few exceptions, such as 
A being used as the inverse Milis ratio and the logistic distribution. 

BRM: 
cdf: 
CLDVs: 
CLM: 
HA: 
LM test: 
LPM: 
LR test: 
LRM: 
ML: 
MNLM: 
NB: 
NBRM: 
OL'): 

Abbreviations 

binary response model. 
cumulative density function. 
categorical and limited dependent variables. 
conditional logit model. 
independence of irrelevant alternatives. 
Lagrange multiplier test. 
linear probability model. 
Iikelihood ratio test. 
linear regression model. 
maximum Iikelihood. 
multinomial logit model. 
negative binomial. 
negative binomial regression model. 
ordinary least squares. 
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ORM: 

PRM: 
ZINB model: 
ZIP model: 

H: 

J: 

K: 

W: 

REGRESSION MODELS 

zero-inIIated binomial model. 
zero-intlated Poisson model. 

Notation 

is equa! to (e.g., 7T "" 2217). 
the eleviance of the moelel M. 
the residual y JI. 
the of x. 
the value of y x anel noting the value of Xk' 

either the pelf A(.) or the normal pelf <f;(.). 
either the cdf A(·) or the normal celf <1>(-). 
thc likelihood ratio statistic comparing the constraineel model 

to the unconstraineel moelel Mu. 
the likelihood ratio statistic comparing M f3 to the model with 

thc or intercepts. 
the Hessian matrix of se con el elerivatives of the log Iikelihooel 
function; also used for the hat matrix in Section 4.2. 
the obselvation number (e.g., xJ. 
the number of dependent categories in nominal and ordinal 
models. 
the variable number f3k)' 
the number of x's. 
the likelíhood of parameters a given data b [e.g., L(f3 IX)]. 
the Iikelihooel ratio chi-square statistic; the same as C 2• 

the constraíned model (i.e., Mu with aelded constraints). 
the [ull model with as many parameters as observations. 
the unconstraíned moeleL 
the model with only the intercept or intercepts inclueleel. 
the moelel wíth regressors anel intercepts inclueleel. 
the size. 
the normal distribution with mean f.L anel "arianee IJ2. 

the coefficient of eletermination. 
the variance of the resielual e. 
the stanelard eleviation of Xk' 

a t-statistic. 
the variance-covariance matrix of 9. 
the variance-covariance matrix of the x's. 
the Wald test statistic; same as x 2. 

the Walel test statistic; the same as W. 

Abbreviations and Notation 

x: 

x: 
x: 
y: 

y*: 
y5: 
y I y> T: 
z: 
Zim= 

a and f3: 

a: 
13: 

K: 
/lE(y I x)/ /lXk: 

the independent variable when there is a single inelependent 
variable (e.g., y IX + f3x + s). 
the kth inelependent variable. 
the kth indepenelent variable stanelarelized to have a variance 
of l. 
the lower extreme of xk; the mínimum of Xk if f3 k is positive; 
else the maximum. 
the upper extreme of Xk; the maxímum of Xk if f3k is positive; 
else the minimum. 
a ww vector of independent variables for the ¡th observation; 
the ¡th row of X. 
a row vector containing the means of the inelepenelent variables. 
a matrix of inelepenelent variables for the entire sample. 
the observeel dependent variable; in Chapter 7, y is the observed 
censo red variable. 
the latent dependent variable. 
y stanelardizeel to have a variance of 1. 
the truncateel variable y given that y is greater than T. 

a z-statistíc. 
a ww vector of independent variables for ¡th observation ror 
outcome m for the CLM in Chapter 7. 
the intercept anel slope when there is a independent vari-
able (e.g., y a + f3x + s). 
the dispersion parameter for the NBRM. 
a vector of coefficients; f30 is the intercept; f3k is the coefficient 
for Xk' 

the unstanelarelized coefficient for x k' 

in the MNLM, the coefficient for the effect of x k on the oelds 
of outcome m versus outcome n. 
a vector of coefficients f3k.mln in the MNLM. 
the fuUy stanelarelized coefficient for Xk; Y anel the x's are stan
dardized. 
the x-standardized coefficient for xk; Y is not standarelized but 
Xk is. 

the y-stanelardizeel coefficient for Xk; Y is stanelarelizeel but the 
x's are no!. 
an abbreviation for (xf3 - T)/IJ in Chapter 7. 
an abbreviation for (TL - xf3)/ IJ in the two-limit tobit moelel of 
Chapter 7. 
an abbreviation for (TU xf3)/ IJ in the two-limit tobit moelel of 
Chapter 7. 
the average absolute eliscrete change. 
the eliscrete change in y for a change in Xk holeling other vari
ables constant. 
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the in y for an infinitesimal change in Xk holding 
other variables constant; also called the marginal effect. 
the error in equation y* = a + {3x + e). 
a vector of parameters 6 = (a {3 O")'J. 
the pdf and cdf for the standard logistic distribution with mean 
O ami variance 
the pdf and cdf for the standardized logistic distribution with 
mean O and variance l. 
the inverse Milis ratio defined as 1>0/<1>(.); used in Chapter 7. 
the inverse Milis ratio for the ¡th observation. 
the mean. 
the y¡ x Y2 X ..•• 

the standard deviation of e given x. 
the standard deviation of Xk' 

the standard deviation of y. 
the threshold in the tobít, probit, and logit models. 
the threshold or cutpoint for the ORM. 
the value to censored cases in tobit models. 
the lower threshold for the two-limit tobi! model. 
the upper threshold fOI the two-limit tobi! mode!. 
the and cdf for the standard normal distribution with mean 
O and variance 1. 
the of in a group where the count is always O. 
Used with zero modified count models. 
the odds of outcomc given x. 
the odds of outcome x and noting specifically the value of 
Xk' 

the odds of outcomes less than or equal to m versus greater 
than m. 
the odds of outcome m versus n given x for the MNLM. 

1 Introduction 

The linear regression model is the most commonly used statistical 
method in the social sciences. Rundreds of books describe this model, 
and thousands of applications can be found. With few exceptions, the 
regression model assumes that the dependent variable is continuous and 
has been measured for aH cases in the sample. Yet, many outcomes of 
fundamental interest to social scientists are not continuous or are not 
observed for al! cases. This book considers regression models that are 
appropriate when the dependent variable is censored, truncated, bínary, 
ordinal, nominal, or count. 1 refer to these variables as categorical and 
Iimited dependent variables (hereafter CLDVs). 

A brief review of the literature in the social sciences shows how com
mon CLDVs are. Indeed, continuous dependent variables may be the 
exception. Rere are a few examples: 

• Binary variables have two categories and are often used to indicate that 
an event has occurred or that sorne characteristic is present. Is an adult a 
member of the labor force? Did a citizen vote in the last election? Does a 
high school student decide to go to college? Is a consumer more Iikely to 
buy the same brand or to try a new brand? Did someone answer a given 
question on a survey? 

• Ordinal variables have categOIies that can be ranked. Surveys often ask 
respondents to indicate their agreement to a statement tlsing the choices 



REGRESSION MODELS 

agree, agree, and strongly disagree, Items asking the fre-
quency occurrence use the categories often, occasionally, seldom, 
and never. Polítical orientation may be c\assified as radical. liberal, and con
servative. Educational attainment can be measured in terms of the highest 

received, with the ordinal oí less than high school, high 
and sehooL Military rank and civil serviee grade 

are ordinal. 

• Nominal variables oecur when therc are multiple outcomes that cannot be 
ordered. can be grouped as manual, trade, blue collar, white 
collar, and Marital status might be coded as single, married, 
divorced, and widowed. Political parties in European countries can be con
sidered nominal c\assifications. Studies of brand preference may inc\ude 
cholces among unordered alternatives. 

• variables occur when the value of a variable is unknown over 
sorne mnge of the variable. The c\assic example i8 expenditures for durable 

Individuals with less ¡ncome than the price of the cheapest 
durable will have zero expenditure. Measures of workers' 

wages are restricted on the lower end by the minimum wage rateo 
Variables percentage, such as the percentage of homes damaged 
in natmal disaster, are censored below at O and above at 100. Censoring 
can al so occur for reasons. In the 1990 Census, all salaries 
greater than $140,000 were recorded as $140,000 to ensure confidentiality. 

• Count variables indicate the number of times that sorne event has occurred. 
How often did a person visit the doctor last year? How many jobs did some
one have? How rnany strikes occurred? How many artieles did a scientist 

How many demonstratÍons occurred? How many children 
did a have? How many years of formal education were cornpleted? 
How lIlany newspapers were founded during a given period? 

The level of measurement of a variable is not always clear or unam-
Indeed, you might with sorne of the examples gíven 

above. Carter notes that " ... statements about levels of mea-
suremcnt of a cannot be sensibly made in isolation from the 
thcoretical and substantive context in which the [variable J is to be used. 

that a variable is somehow 'intrinsically' interval (ordinal, 
nominal) are analytically misleading." Education is a good example. Ed
ucation can be measurcd as a binary variable that distinguishes those 

school education or less from others. Or, it could be ordinal 
llLLll"""l1Jll'. the received: junior high, high school, college, 
or Or, it can be a count variable indicating the number of 
years of school complcted. Each of these i8 reasonable and appropriate 

on the substantive purpose of the analysis. 
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Once the level of the dependent variable is determined, it is important 
to match the model used to the level of measurement. lf the model 
chosen assumes the wrong level of measurement, the estimator could 
be biased, inefficient, or simply inappropriate. Fortunately, there are a 
large number of models specifically designed for CLDVs. Binary logit 
and probit are appropriate for binary outcomes. The ordered logit and 
probit models explicitly deal with the ordered nature of the dependent 
variable. Multinomial logit is appropriate for nominal outcomes. The 
tobit model is designed for censored outcomes. Furthermore, a variety 
of models such as Poisson and negatíve binomial regression can be used 
for count outcomes. These and related models are the subject of this 
book. 

Dntíl recently, the greatest obstacle in using models for CLDVs was 
the lack of software that was flexible, stable, and easy to use. This lim
itation no longer applies since these models can be estimated routinely 
with standard software. Now, the greatest impediment is the complexity 
of the models and the difficulty in interpreting the results. The difficul
ties arise because most models for CLDVs are nonlinear. 

1.1. Linear and Nonlinear Models 

The linear regression model is linear, while most models for CLDVs 
are nonlinear. This difference is so basic for understanding the materials 
in later chapters that 1 begin with a general overview of the implicatíons 
of nonlinearity for interpreting the effects of independent variables. Just 
as the nonlinearities introduced by relativity theory made physical mod
els substantialIy more complicated than their Newtonian counterparts, 
the use of nonlinear statistical models has added new complications for 
the data analyst 

Figure 1.1 shows a linear and a nonlinear model predicting the depen
dent variable y. Each model has two independent variables: x is contin
uous and d is dichotomous with values O and 1. To keep the example 
simple, 1 assume that there is no random error. Panel A plots the linear 
model 

y = a + f3x + 8d [1.1] 

The solid line beginning at a plots y as x changes when d = O: y 
a + f3x. The dashed line beginning at a + 8 plots y as x changes when 
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Panel A: Linear Model 

>-, 

ex él ---

Panel B: Nonlinear Model 

x 
}'igure 1.1. Effects of Continuous and Dummy Variables in Linear and Nonlinear 
Models 

= a + lo = (a + o) + {3x. The effect of x on y can be 
taking the partial derivative with respect to x: 

Introduction 5 

The partial derivative, often called the marginal effect, is the ratio of the 
change in y to the change in x, when the change in x is infinitely small, 
holding d constant. In a linear model, the partial derivative is the same 
at all values of x and d. Consequently, when x increases by one unit, 
y increases by {3 units regardless of the current level of x or d. This is 
shown in panel A by the four small triangles with bases of length 1 and 
heights of length {3. 

The effect of d cannot be computed by taking the partial derivative 
since d is not continuous. Instead, we measure the discrete change in y 
as d changes from O to 1, holding x constant: 

(ex+{3x+ol)-(a+{3x+oO) o 

When d changes from O to 1, y changes by o units regardless of the leve! 
of x. This is shown in panel A by the two arrows marking the distance 
between the solid and dashed lines. 

Panel B plots the model 

y = g (ex* + {3* x + 0* d) [1.2] 

where g is a non linear function. For example, for the logit model of 
Chapter 3, Equation 1.2 becomes 

[1.3] 

Interpretation of the effects of x and d is now more complicated. The 
solid curve for d O and the dashed curve for d 1 are no longer 
parallel: Ll¡ ::f: Ll4' The effect of a unit change in x differs according to 
the level of both d and x: Ll2 ::f: Ll, ::f: Lls ::f: Lló' The partial derivative of 
y with respect to x is a function of both x and d. In general, the effect 
of a unit change in a variable depends on the values of all variables in 
the model and is no longer simply equal to a parameter of the model. 

While Equation 1.2 is nonlinear in y, it is often possible to find sorne 
function h that transforms the nonlinear model into a linear model: 

h (y) = a* + {3* x + o' d 

For example, we can rewrite Equation 1.3 as 

In (-y-) ex* + {3*x + o'el 
1-y 
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(Show this. J
) The dependent variable is now Inyj(1 y), a quantity 

known as the The logit in creases by f3* units for every unit increase 
in x, d constant. As with Equation 1.1, this is true regardless of 
the level of x or d. The problem is that it i8 often unclear what a unit 
in crease in h means. For example, an in crease of f3* in the logit is 

to most people. 
One of the difficulties in effectively using models for CLDVs 

i5 the nonlinear effects of the independent variables. An aH 
too common, albeit unnecessary, solution i8 to talk only about the statis-
tical of coefficients without indicating how these parameters 

to in the outcome of interest. A key ob-
of this book i8 to show how models for CLDVs can be effectively 

the book, 1 use the term "effect" to refer to a change in 
an outcome for a in an independent variable, holding all other 
variables constant. For in the probit model the effect of educa-
tion 011 labor force participation might be described as: for an additional 
year of educatíon the probability of being in the labor force in crease s 

all other variables at their means. Or, for count models 
we conclude: for each increase in income of $1000, the expected 
number of children in the family deereases by 5%, holding al! other vari
ables constant. The interpretatíon of an "effect" as causal depends on 
the natme of the problem being analyzed and the assumptions that a 
researcher is to make. For a detailed discussion of the issues in-
volved in causal inferences, see Sobel (1995) and the literature 
cited therein. 

1.2. Organizatíon 

\.A!illi'lC;¡ 2 reviews the linear regression model to highlight issues that 
are for the models in ¡ater chapters. Maximum likelihood es
timation i5 introduced within this familiar context to make it is easier 
to understand how to apply this method to the models in later chapters. 

3 models for binary outcomes. 1 begin with regression 
variable to illustrate how CLDVs can cause violations of the 

of the linear regression model. Binary probit and logit are 
first derived using an unobserved or latent dependent variable. 1 then 

1 Exercises fOI" the reader are in italies. Solutíons are found in the Appendix. 

lntroduction 7 

show how the same model can be understood as a nonlinear probability 
model without appealing to a latent variable. Issues of identification are 
introduced to explain the apparent differences in results from the logit 
and probit models. Since numerical methods are often necessary .for esti
mating these models, as well as later models, these methods are dlscussed 
in some detail. 1 aIso introduce a variety of approaches for interpreting 
the results from nonlinear models. These techniques are the basis for 
interpreting al! of the models in later chapters. Chapter 4 reviews stan
dard statistical tests associated with maximum likelihood estimation, and 
considers a variety of measures for assessing the fit of a model. Chap
ter 5 extends the binary logit and probit modcls to ordered outcomes. 
While the resulting ordered logit and probit models are simple exten
sions of their binary counterparts, having additional outcome categories 
makes interpretation more complex. Chapter 6 presents the multinon:i~1 
and conditional logit models for nominal outcomes. The greatest dlffi
culty in using these models is the large number of parameters required 
and the corresponding problems of ínterpretation. Chapter 7 considers 
models with censored and truncated dependent variables, with a focus 
on the tobit model. The tobit model is developed in terms of a latent 
variable that is mapped to the observed, censored outcome. The chapter 
ends by considering a number of related models, including models for 
sample selection bias. Chapter 8 presents models for count outcomes, 
beginning with the Poisson regression model. Negative binomial regres
sion and zero modified models are considered as alternatives that allow 
for overdispersion or heteroscedasticity in the data. Chapter 9 compares 
and contrasts the models from earlier chapters, and discusses the links 
between these models and models not discussed in the book, such as 
log-Iinear and event history models. . 

The material in this book can be learned most effectIvely by read
ing the chapters in order, but it is possible to skip some chapters or to 
change the order in which others are read. Everyone should r.ead Chap
ter 2 to learn the basic terminology and notation. Chapter 3 IS essentlal 
for al! that follows since it introduces key concepts, such as latent vari
ables, and methods of interpretation, such as di serete change. Those who 
are familiar with Wald and likelihood ratio tests can skip that section of 
Chapter 4. The discussion of assessing fit in Chapter 4 is not needed for 
later chapters. Chapter 5 on ordinal outcomes can be read after Chap
ter 6 on nominal outcomes. Chapter 8 on count models builds on the 
results for truncated distributions in Chapter 7 to develop the zero mod
ified models. However, most of Chapter 8 is accessible without reading 
Chapter 7. 
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While eaeh model studied has unique characteristics, there are impor
tant similarities among the models that are exploited. First, each model 
has the same component (MeCullagh and Nelder, 1989, pp. 26-

cach model enters the independent variables as a linear 
combinatian: + ... + Consequently, in specifying your 
model you can use all of the "tricks" that you know for entering vari-
ables in the linear model: nominal variables can be coded as 
a set of nonlinearities can be introduced by transform-

the variables; the effects of an independent variable can 
differ group adding interaction variables; and so on. Second, each 
model is estimated by maximum likelihood. Once the general character
istics of maximum Iíkelihood are understood and the associated statisti
cal tests are learned, these can be applied to aU of the models. Third, 
the same ideas are used for interpreting eaeh model. Expected 

and discrete changes are computed at interest
values of the independent variables and are presented in plots or 

tables. whenever possihle the mathematical tools used for one 
model are carried over in the presentation of Jater models. 

of these models can be derived in different ways. For example, 
model can be deveJoped as a latent variable model in 

which the observed variable is an imperfect measurement of an 
latent variahle. Or, the model can be derived as a discrete 

choice model in which an individual chooses the outcome that provides 
the maximum utility. the model can be viewed as a probability 
model with the characteristic S-shaped relationship between indepen
dent variables and the probability of an event. Each of these approaches 
results in the same formula relating the independent variables to the 
PVr,pf"TI'1"l probability. 1 show alternative derivations of sorne models in 
order to highlight different characteristics of the models. This also serves 
to link my to the diverse literature in which these models 
were 

Models for CLDVs were often deveIoped independently in different 
such as engineering, statistics, and econometrics, with 

vcry littlc contact across the f¡elds. Consequentiy, there is no universally 
notation or terminology. For example, the ordered logit model 

5 is also known as the ordinal logit model, the proportional 
the model, and the grouped continuous 

model. 1 have tried to use what appears to be emerging as standard 
within the social sciences. Every effort has been made to 

the notation consistent across chapters. On rare occasions, this has 
resulted in notatíon that 1s different from that commonly used in the 

Introduction 9 

literature. To help you keep the notation clear, atable of notatíon is 
given on pages xxvii to xxx. 

1.3. Orientation 

Before ending this chapter, a few words about the general orientation 
of this book are in order. This is a book about data analysis rather than 
about statistical theory. The mathematics has been kept as simple as 
possible without oversimplifying the models in ways that could result in 
misuse or misunderstanding. The mathematics that is used, however, is 
essential for understanding the correct applicatíon of these modeIs. To 
master the methods, it is important to work with the equations and to 
try sorne derivations on your own. To help you do this, 1 have included 
exercises in italics at various points. In the long mn, it will be worth 
your while to think about each of these questions befo re proceeding. 
Brief answers to the exercises are given in the Appendix. 

Seeing how these models can be applied in substantive research is also 
important for understanding the models. Accordingly, each chapter in
eludes a substantive example that is used to ilIustrate the interpretation 
of each model. You are al so encouraged to apply these models to your 
own data while you are reading. To this end, comments are given about 
four statistical packages for estímating models for CLDVs: LIMDEP 
Version 7 (Greene, 1995), Markov Versíon 2 (Long, 1993), SAS Version 
6 (SAS Institute, 1990a), and Stata Version 5 (Stata Corporation, 1997). 
These comments are not designed to teach you how to use these pack
ages, but rather are general comments about difficulties that míght be 
encountered with any statistieal package. While nearly a1l of the analy
ses in the book were done with my program Markov (Long, 1993) wrÍt
ten in GAUSS (Aptech Systems lnc., 1996), any of these four packages 
could have been used for most analyses. To help you use these methods, 
1 have placed the data sets, programs, and output for the examples on 
my homepage (http://www.indiana.edurjsI650) or access the Sage Web
site http://www.sagepub.com/sagepage/authors.HTM for information. 

While this book contains what 1 believe are the most basic and use
fui methods for the analysis of CLDVs, a number of important topies 
were excluded due to limitations of space. Topics that have not heen dis
cussed include: robust and nonparametric methods of estimatíon, speci
fication tests (Davidson & MacKlnnon, 1993, pp. 522-528; Greene, 1993, 
pp. 648-650), complex sampling, multiple equation systems (see Browne 
& Armínger, 1995, for a review), and híerarchical models (Longford, 
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pp. Additional citatíons are gíven in later chapters. While 
these are important topics, they presuppose the models con-
sidered here and are the seope of this book. 1 chose a fuller 
treatment of a smaller number of models rather than less detailed di s
cussion of more methods. Hopefully, this will provide a firm foundatíon 
fOl' further from the vast and growing Iiterature on limited and 

variables. 

1.4. Bibliographic Notes 

ends with "Bibliographic Notes." These notes present a 
brief of the models in that chapter and provide a list of basic 
sources. 

There are several alternative sources that deal with some of the mod-
els in this book. Maddala (1983) considers dozens of models 
for CLDVs. (1985) reviews extensions to the tobit model, in-

seleetion models. McCullagh and Nelder (1989) discuss 
some 01' the same models from the standpoint of the generalized linear 
model. many of these models with particular ap-

to science. (1990) is particularly useful if al! 
of your variables are nominal or ordinal. Liao (1994) considers the in-

of models within the context of the generalized 
(1995) provides a eomprehensive review of many 

rclatcd Finally, Stokes et al. (1995) discuss models fOl' categorical 
variables in tcrms oE the SAS system. 

? Continuous Outcomes: The Linear 
....... Regression Model 

This ehapter briefty reviews the linear regression model (LRM). While 
1 assume that you are familiar with regression, you should read this 
chapter carefully since the model is described in a way that facilita tes the 
development of models for categorical and limited dependent variables. 
Moreover, while the LRM is usually estimated by ordinary least squares, 
1 focus on maximum likelihood estimation since this method is used 
extensively in later chapters. My discussion of the LRM is by no means 
comprehensive; for further details, see the references in Section 2.8. 

2.1. The Linear Regression Model 

The linear regression model can be written as 

where y is the dependent variable, the x's are independent variables, and 
e is a stochastic error. The subscript i is the observation number from 
N random observations. f3¡ through f3 K are parameters that indicate the 
effect of a given x on y. f30 is the intercept which indicates the expected 
value of y when all of the x's are O. The modeI can be written in matrix 

11 



REGRESSION MODELS 

y XP+E 

y 
p (] e tU 

If we define Xi the ith row of 2.1 can be written as 

X;P+81 

LRM 

A number of as!¡un1PtiOtls are added to I',..,,,,,,I,,t,,, the specification 
of the model. Tlle set of assumotil:ms concerns tlle independent 
variables. 

hn,~""I" related to tlle x's 
between tlle x's and y 

For ",,,,,,.,.,,,,1,,, 

+ 8. Tllis assumption 

are melepem:terlt. This means tllat none 
combination of tlle x's. More formaIly, 

tllat X is of full rank. 

dístrílJution of the error 8, 

as an un observable inftu-
can be viewed as tlle effect of a number 

llave small effects on y. 

CO'lUI,!ttonai Mean E. Tlle eonditional eX¡Jec:tatíon of the error 

=0 

Tllis means tllat 
to This aSS1Llm10ucm 

Continuous Outcomes 

x is a linear combination of the x's: 

Thís is shown in Figure 2.1 for tlle simple 
f3x + 8. Notice that 1 use IX and f3 for the palranleters 
regression model rather than the more cumbersome: 
The expected value of y x is drawn as a thick line 
and moving up and to the right with 

13 

+S. 
at IX 

Homoscedastic and Uncon-elated En-ors. The errors are assumed to be 
homoscedastic, which means that for a x, the errors have a constant 
variance. Formally, 

Var(sd for all i 

When the variance differs across the errors are hetero
scedastic and Var(s¡ I Xi) al. The errors are also assumed to be un
correlated across observations, so that for two observatíons i and .J. tbe 
covariance between Sí and Sj is O. 

In Figure 2.1, the distributioll of S is by a dotted curve tbat 
should be thougbt of as coming out of the page into a third dimensiono 

x 

Figure 2.1. Simple Linear Regressicm Model Wíth the Distribution of y Given x 

Owner
Lápiz
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The the curve, the more Iikely it is to have an error of that value. 
The errors are sinee the variance of the error distribution 
~s the same for ~ach X. While the curves are drawn as normal, normality 
IS not for the errors to be homoscedastic. 

When the errors are thought of as the combined effects 
o~ m.any small it is reasonable to assume that they are normally 
~lstnbuted when conditioned on the x's. With this assumption, the curves 
m 2.1 should be thought of as normal. 

See the referenees in Seetion 2.8 for a more detailed discussion of the 

Interpreting Regression Coefficients 

In 1, derivatives and discrete change were used to de-
scribe the effects of an índependent variable on the dependent outcome. 
Even these two measures of change give identical answers for 
tlle LRM, 1 consider both in order to introduce ideas that are critical in 
Jater The subscript i is droppcd to simplify the notation. 

The delivative of y with respect to x k is 

In the LRM, the derivative is the slope of the line relating y and 
all other variables eonstant. Since the model is linear, the 

value of thc partia! is a constant f3 k that does not depend on the leve! 
any oí' the x's in the model. 

The s~cond to interpretatíon involves computing the discrete 
m. the value oí' y for a given change Ín x b holding aIl 

other vanables constant. The notation E(y I x, Xk) indicates the expected 
~alue oí x, explicitly noting the value of Xk' Thus, E(y I X, Xk + 1) 
J~ thc. value of y x when the kth variable equals Xk + 1. 
1 he dlserete in y for a unit change in x k equals 

Ix, Xk + 1) - E(y I x, Xk) 

+ ... + f3k(xk + 1) + ... + f3KxK + e] 

[f3o f3¡x¡ + ... + f3k xk + ... + f3KxK + el 
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This means that when Xk increases by one unir, y is expected to change 
by f3k uníts, holding other x's constant. 

In the LRM, 

which allows a simple interpretation of the f3's: 

• For a unit in crease in Xk' the expected change in y equals 
other variables constant. 

holding all 

Since dummy variables are coded as 1 if an observation has some char
acteristic and else 0, the coefficient for a dummy variable can be in ter
preted in the same way: 

• liaving characteristic Xk (as opposed to not having the characterístic) results 
in an expected change of f3k in y, holding al! other variables constant. 

The slope coefficient is represented in Figure 2.1 by small triangles. The 
base of each triangle is one unit long, with the rise in the triangle equal 
to f3. Thus, for a unit increase in x, whethel' starting at x2' x3' or any 
other value oí' x, y is expected to increase by f3 units. 

2.2.1. Standardized and Semi-Standardized Coefficients 

The f3 coefficients are defined in terms of the original me trie of the 
variables, and are sometimes called metlic coefficients or ullstandardized 
coefficients. It is often usefu! to compute coefficients after some ol' al! 
of the variables have been standardized to have a unít variance. This 
is particularly useful for the models introduced in later chapters where 
the scale of the dependent variable is arbitrary. This section considers 
coefficients that are standardized for y, standardized for the x's, and 
fully standardized for both y and the x 's. 

y-Standardized Coefficients 

Let u y be the standard deviation oí' y. We can standardize y to a 
variance of 1 by dividing Equation 2.1 by u y : 

e 
+

u y 
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new 

XI ... + 

where is y standardized to have a unir variance. f3~Y = 13 k! CTy is a 
semi-standardized with respect to y or simply a y-standardized 

It ís still the case that 

__ -'_-'- - f3Sy 
- k' 

For a continuous can be interpreted as: 

• For a unit inerease in is to ehange by f3!y standard deviations, 

For a 

• 

all orher variables eonstant. 

opposed to not having the eharaeteristic) results 
in of standard deviations, holding all other 

x-Standardized 

Let (Tk be the standard deviation of xk' Then, dividing each Xk by CTk 
and the corresponding f3k by CTk' 

y + ... + 

+ ... + + ... + f3~xk + s 

is standardized to have a unir variance, and f3~x = CTkf3k ís a 
~rm'-srfln(1fJJ"fl1'7{Nf with respect to X or simply an x-standardized 

For a continuous variable, f3~x can be ínterpreted as: 

• For standard deviation inerease in Xb Y is expeeted to ehange by f3;x 
units, al! other variables constant. 
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Fully Standardized Coefficients 

It is also possihle to standardize both y and the x's: 

and, adding new notation, 

i = 135 + f3I XI + ... + f3~x~ + .. , + f3k xk + 

f3~ ( CTkf3k)!CTy ís a lul/y standardized coefficient or a path coefficient. 
Since 

the following ínterpretation applies: 

• For a standard deviation inerease in Xb Y is expected to change by {3¡ 
standard deviations, holding al! other variables constant. 

Standardized Coefficients lor Dummy Variables 

For a dummy variable, the meaning of a standard deviation change 
is unclear. For example, consider the variable MALE defined as 1 for 
men and O for women. Assume that the regressíon coefficíent for MALE 
equals .5. The effect of MALE changíng from O to 1 is quite c1ear: being 
male increases the dependent variable by .5, holding all other variables 
constant. Now consider the x-standardized coefficient. Suppose that the 
standard deviation of MALE is .25. Then the x-standardized coefficient 
would equal .125 (= .5 x .25). To say that a standard deviation change 
in a person's gender increases the dependent variable by .125 does not 
make substantive sense. While fulIy standardized and x-standardized co
efficients for dummy variables are sometimes used to compare the mag
nitudes of the effects of variables, 1 do not find such comparisons use
fuI. Consequently, x-standardized and fully standardízed coefficients for 
dummy variables are not used in ¡ater chapters. 

Comparison to Non/inear Models 

The interpretation of the coefficients in the LRM differs in two im
portant respects from the nonlinear models in ¡ater chapters. First, in 
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non linear models, depends on the value of Xk and on the val
ues of the other x's in the model. Second, in nonlinear models, aE(·)/ aXk 
does not equal !lE(·) /!lx k' It is extremely important to avoid 

the intelpretation of the LRM to the models in later 

2.3. Estimation by Ordinary Least Squares 

least squares (OLS) is the most frequently used met~od of 
estimation for the LRM. The OLS estimator of (3 is that value (3 that 
minímizes the sum of the squared residuals: :L::I (Yi - xj3)2. The result-

estimator is 

with the covariance matrix: 

Cov(fio, f;¡) 

Var(f;I) 

Cov(í§o, f;K) 

COV(f;I' f;K) 

~~"~"0 of the model hold, the OLS estimator is the best 
This means that if the assumptions hold, the 

is an unbiased estimator [i.e., E(~) (3] that has the 
minimum variance among all linear estimators. 

To estimate Var(~), we need an estimate of the varianee of the errors, 
the residual as e¡ Yi x¡p, we can use the unbiased 

estimator: 

N ___ ¿>2 
1 ;=1 I 

where K is the number of independent variables. This allows us to es
timate the eovariance matrix as Var(P) s2(X'X)-1. If the errors are 
normal and = , then 
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has a t-distribution with N - K - 1 degrees of freedom and ean be used 
to test the hypothesis that Ho: f3k f3*. Without assuming normality, 
tk has a t-distribution as the sample becomes infinitely large (Greene, 
1993, pp. 299-301). Issues involved in testing hypotheses are discussed 
in Chapter 4. 

Example of the LRM: Prestige of the Fírst Job 

Long et al. (1980) examined factors that affect the prestige of a scien
tist's first academic job for a sample of male biochemists. Their primary 
interest was whether characteristics associated with scientific productiv
ity were more important than characteristics associated with educational 
background. Here 1 extend those analyses to include information on fe
male scientists. 

The dependent variable is the prestige of the first job (JOB). Pres
tige is rated on a contínuous scale from LOO to S.OO, with schools from 
1.00 to 1.99 classified as adequate, those from 2.00 to 2.99 as good, 3.00 
to 3.99 as strong, and those aboye 3.99 as distinguished. Graduate pro
grams rated below adequate or departments without graduate ~rogran:s 
were coded as 1.00. The implications of thi8 decision are consldered m 
Chapter 7 when this example is used to illustrate the tobit n:odel. The 
independent variables are described in Table 2.1. Our regresslOn model 
is 

JOB f30 + f3¡FEM +f32PHD+f33MENT +f34FEL+f35ART +f36C1T +8 

Table 2.2 presents the estimates of the unstandardized a.nd standar~
ized coefficients. t-values are also presented, but are not dlscussed untIl 

TABLE 2.1 Descriptive Statistics for the First Academic Job Example 

Standard 
Name Mean Deviation Mínimum Maximum Descriptioll 

JOB 2.23 0.97 1.00 4.80 Prestige of job (from 1 lO 5) 
FEM 0.39 0.49 0.00 1.00 1 if female; O if male 
PHD 3.20 0.95 1.00 4.80 Prestige of Ph.D. department 
MENT 45.47 65.53 0.00 532.00 Citatíons received by mentor 
FEL 0.62 0.49 0.00 l.OO 1 if held fellowshíp; cisc O 
ART 2.28 2.26 0.00 18.00 Number of articles published 
CIT 21.72 33.06 0.00 203.00 Number of citatÍons reccived 

NOTE: N = 408. 
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of the First Academic Job 

6.42 
~0.143 ~1.54 

0.260 0.280 0.267 5.53 
MENT 
FEL 
ART 
CIT 

0.001 
0.234 

0.004 

0.07!l 

0.051 
0.148 

0.001 0.080 1.69 
0.240 2.47 
0.023 0.053 0.79 
0.005 0.153 2.28 

of coefficients. 

is an x-standardízed coefficient; f3s, is a 
coetIicicnt: t is a Hest of f3. 

and e/T can be used to ilIustrate the 

• Unstandardized Being a fcmale scientist decreases the expected 

• 

• 

of the nrst job .14 points on a five-point scale, holding all other 
variables constant. For every additional citation, the prestige of the first job 
is lo increase .004 units, holding al! othcr variables constant. 

efiect is small due (o Ihe standard deviation in CIT.) 

For every standard deviation increase in cita-
tÍons, the of the first job is expected to increase by .15 units, holding 

other variables constant. 

a woman decreases the expected prestige 
oC the nrst job .14 standard deviations, holding all other variables con
stant. For every additional citatíon, the prestige of the first job is expected 
to in crease .005 standard deviations, holding al1 other variables constant. 

unstandardized and y-standardized coefncíents are nearly identical 
síncc the variance of y is about 1.) 

standardized rn,plTIriu»'c For every standard deviation increase in ci
of thc first job is expected to increase by .15 standard 

all other variables constant. 
tations, the 
dcviations, 

standardized and y-standardized coefficients are used to in
many of the models in Jater chapters. 

2.4. Nonlinear Linear Regressíon Models 

While the LRM is a linear model, non linear relationships between 
the variables and the dependent variable can be incorpo-
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rated by transforming the variables. For example, consider the nonlinear 
model: 

[2.2] 

If we take the log of both sides, 

the resulting equation is linear in Jn(z) even though it is nonlinear in 
z. Accordingly, the slope f31 can be interpreted as discussed aboye: for 
a unit in crease in x], ln( z) is expected to in crease by f31 units, holding 
X2 constant. Note, however, that a f31 unit increase in ln(z) fram 1 to 

1 + f3l involves a different change in z than a change in Jn(z) fram, say, 
2 to 2 + f31' This can be seen by taking the derivative 01' z with respect 
to x:l 

ó'z 

ó'x¡ 

exp(f3o + f3 1x¡ + f32 x 2 + 

exp(f3o + f3¡x] + f32 x 2 + e)f31 

zf3l 

Thus, even though the expected change in y = ln(z) is the same re
gardless of the current levels of Xl and xz, the change in z [not ln(z)] 
depends on the level of z. 

Equation 2.2 is an example of a class of nonlinear models known as 
log-linear models: whíle z is nonlinearly reJated to the the log of z is 
linearly related to the x's. Sínce the logit models of Chapters 3, 4, and 
6 and the count models of Chapter 8 are log-linear models, it is worth 
considering a simple method of interpretation that can be used for any 
log-linear modeL 

Since exp( a + b) exp( a) exp( b), Equation 2.2 can be written as 

z( Xl) exp(f3o) exp(f3¡ X¡) exp(f32x2) exp( e) 

1 This requires the chain rule: 

af(g(x» ag(x) 
ax == ag(x) ¡¡;¡- ax 

exp(x). and 
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) indica tes the value of z when x 1 has a given value. Consider 
1 to xlI: 

) exp(/3¡) exp(/32x2) exp( e) 

for a unit 
is the multiplicative factor change in z 

exp(/3¡ ) 

This leads to the following interpretation: 

as 

• For a unit increase in xl' is expectc~d to change by the factor exp(/3¡), 
al! other variables constant. 

in z for a unit change in x ¡ can be computed 

Z(X¡)] 
-( -) = lOO[exp(/3¡) 
Z Xl 

1] 

This can be as: 

unit increase in Xl' is expecte:d to change by lOO[exp(f3]) 1]%, 
all other variables constan!. 

~ote that other nonlinear models do not have this simple interpretation 
m tcrms of a factor or a change. 

Violatiol1s of the Assumptiol1s 

While a discussion of the consequences of violating the as-
of the LRM is the scope of my review, 1 consider two 

violations that are useful for understanding the models in 
later 

2.5.1. The Nonzero COllditiollal Mean of e 

In the 

+ [2.3] 
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we assume that E(e I x) = O. Consider a simple modification where we 
now assume that E(e I x) = o. Here o is an unknown, nonzero constant. 
We can modify Equation 2.3 so that the new error will have a zero mean: 

y=(/30+0)+/3¡x¡ +"'+/3KxK+(e o) 

= /3'0 + /3Jx¡ + ... + /3KxK + 8* 

We have subtracted the mean of e o) from e to create a new error 
e* with a zero mean. (Show that the mean of e* is O.) To maintain the 
equality, we al so added o which is combined with /30 and relabeled as /30, 
The resulting equation has all of the properties of the LRM, including a 
mean of O for the error e*. Consequently, we can use OLS to obtain best, 
linear, unbiased estimates of /3'0 (not /3() and the /3k's. Thc expected 
value of fio is a combination of the intercept /30 and the mean of e: 
E(fiü) /30 + o. No matter how large the sample, it is impossible to 
disentangle estimates of /30 and o. More formally, /30 and B are not 
identified individually, although their sum /30 + o is identified. 

Since the idea of identification is essential for understanding models 
for CLDVs, it is worth reinforcing the key ideas with Figure 2.2. Assume 
that the sample data, which are indicated by the dots, are generated by 
the model y = a + /3x + e, where 8 is normally distributed with mean o. 
The solid ¡ine represents E(y I x) = a + /3x. As would be expected, the 

-'~";' -: 
... .. -.,..~-: 

.... ;-.--:- 'J{5 

~. 

()( 

a 

x 
Figure 2.2. Identificatíon of the Intercept in the Linear Regressíon Model 
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observed data are loeated approximately o E( si x) units above the 
line. The OLS estima te of the regression Hne is the dashed 

line that nms. the observations, with intercept (?* and slope í3. 
The estnnate of the slope appears unaffeeted by the nonzero 
mean of the errors, and is approximately egual to f3. Consistent with 
our argument, the estimated intereept is about o units above 
the o: as a conseguence of the nonzero mean of the 
errors. While neither o: nor o is identified, the sum o: + o is identified 
and can be estimated íi~. 

This illustrates a number of critical ideas related to 
the of identification, First, a parameter is unidentified when it 
is to estimate a parameter regardless of the data available. 
Identification 15 a limitation 01' the model that cannot be remedied by 

the size. Second, models beco me identified by adding 
. . The i8 identified if we assume that E( si x) O; 

wlthout thls it i5 unidentified. Third, it is possible for so me 
~ara~~ters to be identified while others are not. Thus, while f30 i5 not 
~dent:~ed u~less the. value 01' Ix) is assumed, f31 through f3K are 
¡dentIÍ¡ed wlthout tl11s assumption. Finally, while individual parameters 
may not be combinations of those parameters may be identi
~~d. while neither o nor f30 is identified, the sum f30 + o is iden
tlÍled. These ideas are important for understanding how we identify the 
models in later 

2.5.2. The x's ¡¡nd 8 Are Correl¡¡ted 

The I x) O implies that the x's and s are uncorre-
¡ated. 1:1 there are several reasons why the x's might be corre-
lated wlth lhe er,rors, including reciprocal effeets among variables, mea
surement error, mcorrect functional form, and f3's that differ across ob
servations 1986, pp. 334-350). Bere I consider the effect of 

a variable since this will help us understand the tobit model in 
7. 

If we estimate a model that excludes an independent variable which is 
c~rrelated with included independent variables, the OLS estima tes are 
blased and inconsistent. Kmenta (1986, pp. 443-446) shows that this is 
due to the eorrelation between the error and the independent variables 
in the model. To see why they are correlated, assume that 

by the model: 

y [2.4J 
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but that we have estimated the model: 

[2.5] 

The error lJ absorbs the excluded variable x2 and the original e: 

If Xl and X2 are correlated, then lJ and Xl must be correlated. (H'J¡y must 
this be the case?) Consequently, the OLS estimate of f31 in Eguation 2.5 
is a biased and inconsistent estimate of f31 in Eguation 2.4. 

2.6. Maximum Likelihood Estimation 

If we assume that the errors are normally distributed, the LRM can 
be estimated by maximum likelihood (ML). While the OLS and ML 
estimators of J3 are identical for the LRM, 1 introduce ML estimation 
within the familiar context of regression to make it easier to understand 
the application of ML to the models in later ehapters. 

2.6.1. Introduction to ML Estim¡¡tion 

Consider the problem of estimating the probability oí' having a given 
number of men in your sample. The binomial formula computes the 
probability of having s men in a sample of size N with the population 
parameter 1T indicating the probability of being male: 

Pr(s 11T, N) 
N! 

----1TS(l [2.6] 

where k! k· (k - 1) .. ·2·1. For example, the probability of having 
three men in a sample of 10 with the probability of being a male equal 
to .5 is 

Pr(s = 311T = .5, N 10) 
lO! 3 7 
3!7!.5 (1-.5) 0.117 

This is a typical problem in probability. We know the formula for the 
probability distribution and the values of the parameters 1T and N. We 
want to know the probability of a particular outcome s. In statistics, we 
know s and N, but want to estimate 1T from the sample information. The 
ML estima te is thal value of the parameter that makes the obse/1Jed data 
most likely. 
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0.8 

1í 

2.3. Different Values of 11" 

To continue our assume that we know that S 3 and N 10, 
but do not know 11"'. What value of 11"' is most to have gen-

the observed 2.3 the probability of oh~",r,,¡nn 
three 10 tries for all values of 11"'. The 'U"'F.""'U 

curve shows that the 
our ML estimate. 

pnJO,IOlJIUV occurs at .3. 

2.6.2. The Likellllooti Funetion 

",'-nul·n,,<u,~ the of S 

n,"rn""",t.""" N and 11"', it is referred to as a 
of N and 11"' are held constant while S 

the same as a function of 11"', we refer 
ttkl;~/if1í!)od TUllcrlor¡: the values 01' N and s are held constant 

Tile likelihood function far our is 

lJ\ellll()od estímate is that value 7T that maximizes the 
Oh<,"'n;'"'''' the data that were observed. The 

the 01' 1he 'u,",""wc>vu 
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the gradient 01' score, equals O: 

O 
a11"' 

This is represented in Figure 2.3 by the líne with O located 
at 11"' .3. 

Tile value that maximizes the likelihood function also maxímizes the 
log of the Iikelihood. Since it ls easier to solve the of 
the log likelihood than the likelihood itself, the ML estimate is 
computed by solving the equation: 

aln 
---'---'---------'- = O 

For our example,2 

aln s = 3, N = 
---~~-------~=--~~--~--~--~ 

a11"' 

a 11"' a 11"' 

O a31n 11"' a7 + a 11"' + --....,...-'------'-

3 7 
= 

11" 1-11"' 

Setting a In L( 11"' I s 3, N lO)/a11" = O and for 11"' results in 
7T .3 s/N. 

2.6.3. ML Estimation of the Sample Mean 

Befare estimating the model with it is usel'ul to con-
sider the similar but simpler problem of tile mean of a stan-
dard normal distribution. If y is drawn from a normal distribution with 
a standard deviation ol' 1, then the probability function for 
y is 

2 We use the chain rule: 

and 
alnx 

ax x 
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Since ~ is unknown, we writc the líkelihood function as 

IYI' (T 1) I~, (T 1) 

For three 
individual llKI~1ll10()QS 

the likelihood is the product of the 

3 3 

nL(~IYi' (T 1) = nf(Y¡ I~, (T 1) 
i=l i=] 

and the is 

In y, (T 1) InL(~ Iy" 
3 

(r 1) = Llnf(Yi I~, (T = 1) 
1=1 

The ML estimate is the value íl that maximizes this equation. 
To a better sense of how the ML estimate is determined, con-

sider 2.4. Suppose that there are three observations with vaIues 

Panel A: 
o 

'" o 

I y)=.005 

JI.. 
Panel c: L{~=1 I y)=.023 

a 

'" O 

Panel B: L(ft =-1 I y)=.0001 
o 

'" o 

JI.. 
Panel D: L(~ =1.2 I y)=.022 
o 

'" o 

Figure 2.4. Maximum Likelihood Estimation of j.k From a Normal Distribution 
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O, 1, and 2. These are represented in the figure as solid circles. The 
four panel s correspond to a sequence of guesses for the value of ~ that 
maximizes the likelihood. In panel A, the normal curve is centered on 
~ 2. The likelihood of each point is indicated by a vertical line, with 
the overall likelihood equal to the product of the lengths of the lines: 
L(~ 21 y) .005. Panel B computes the likelihood for ~ re-
suIting in L(~ -11 y) .0001. To increase the likelihood, we need a 
value of ~ somewhere between 2 and -1. Panel e shows ~ 1, result
ing in L(~ 11 y) = .023. When we increase the mean slightly to 1.2 
in panel D, the likelihood is reduced to .022. Of our four tries, ~ 1 
produces the ¡argest likeIihood. Tentatively, we conclude that ílML 1. 

In practice, ML is more complicated. First, we would usually have 
more observations. Second, we would often be estimating more than one 
parameter (e.g., ~ and (r). Finally, we would have to consider all possible 
values of the parameters being estimated, not just the four values in our 
figure. Still, the general ideas are the same. 

2.6.4. ML Estimation for Regression 

Maximum likelihood for the LRM is a direct extension of fitting a 
normal distribution to a set of points. Consider estimating the simple 
regression y a+ f3x + e using three observations: (x], y]), (X2' Y2), and 
(x3, Y3)' PaneIs A and B of Figure 2.5 compare the likelihoods for two 
sets of possible estimates. The observed data are indicated by circles. The 
assumed distribution of y conditional on x is represented by the normal 
curves which shouId be visuaIized as coming out of the page ínto a third 
dimensiono The likelihood of an observatíon for a given paír a and f3 
is indicated by the length of the line from an observatíon, indicated by 
a circle, to the normal curve. In panel A for a il and W, we find that 
(x3' Y3) is very unlikely, while (x], y¡) ís quite likely. The likelihood of 
aa and f3a is the product of the three lines in panel A. Clearly, a il and 
W are not the ML estimates since ít is easy to find other estimates that 
increase the likelihood, such as ah and f3b in panel B. The ML estimates 
are those values a and ~. that make the likelihood as large as possible. 

Mathematically, we can develop the ML estimator for the LRM as 
follows. Since y conditional on x is distributed normally with mean a+f3x 
and variance (T2, the pdf for an observa tío n is 

1 (1 f(Yi 1 a + f3x" (T) = (T~ exp -2: :::':'--=-_'--;:---,---'-'-=-- [2.7J 



30 REGRESSION MODELS 

Panel A: Worse Fit 

Panel B: Better Fít 

x 
Figure 2.5. Maximum Likelihood Estimation for the Linear Regression Model 

o: a norma~ variable with mean J1, and variance (]"2 is often 
m ter.ms of the pdf of a standardized normal variable cp with 

mean O and vanancc 1: 
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Using this definition, Equation 2.7 becomes 

f(y'! a Hx" a) ~ ~ [ ~ ex{-'---"'------:.-
~ cp(Yi [a(]"+ {3X¡]) 

and the likelihood equation can be written as 

Taking logs, 

N 1 
L(a, {3,(]"ly,X)= TI-cp 

;=1 (]" 

{3X¡] ) 

31 

] 

[2.8] 

ML estimates a, fj, and (j are obtained by maximizing this equation. 
For multiple regression, y = xl3 + B and 

The Iikelihood function is maximized when P (X I X)-lX'y, which is 
the same as the OLS estimator. Maximum likelihood for the LRM is 
unusual since a closed-form solution is available. This means that the 
estima tes can be obtained by algebraically solving the gradient of the log 
likelihood equation for the unknown parameters. Closed-form solutions 
are not possible for most of the models considered in later chapters and, 
consequentIy, iterative methods must be used. This topic is discussed in 

Chapter 3. 

2.6.5. The Variance of ML Estimators 

Maximum Iikelihood can also estimate the variance of the estimators. 
While the technical details are beyond the scopc of our discussion (see 
Cramer, 1986, pp. 27-28; Davidson & MacKinnon, 1993, pp. 260-267; 
Eliason, 1993, pp. 40-41), we need a few definitions and results that are 
uscd in latcr chapters. 
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Let a be "V t . 
• u ee or contaming the . 

. m the simple parameters bel~g estimated. For ex-
wlll contain a, and u The nY . . a.+ (3x + e wlth Vare e Ix) ::::: U a 

'IS . eSStan IS a matrix of second d . . ' 

is a 

, , envatlves 

H(O) 

H(6) InL(a) 
eJa eJa' 

symmetric matrix. For Our example, 

In i!2Jn L(a) c72 In L(a) 

i!ai!{3 c7ai!u 

c7
2 

In L(a) i!21n L(6) 

~ i!{3du 

InL(6) 
i!udU 

For 't~he rate at which the slope of the func-
sluwly a; (3 t L(a)ja{3i!{3 is small, then the log 
, c umges That is In L . 

sense that if In L is fl;t h' '.' . lS nearly flat. 
that ' t en It wlll be difficult to 

of the log .likelihood. This should be 
the vanance refl .t . 

Indeed, the Hessian is'l d ee s o~r certamty 
rnr"",,,,·.!. the . ' re ate to the vanance of the 

matnx. 
rnatnr: is defined as the . 

-E[H(a)] Ud. negatlveoftheexpectedvalue 
. ~ er v~ry general conditions, the cova " 

18 the mverse of the informatíon mat~~~ce 
matrix for the 

For our 
Varea) -E[H(a)¡-1 

_E(i!2In L(6») 
eJaeJ{3 

-E( lnL(a») 
i!{3eJ{3 

_E(i!
2

1n L(6») 
i!ud{3 

_E(i!2 In L(a») 
i!acJu 

_E(cJ21n L(a») 
cJ{3cJu 

_E(i!Z In L(f!2) 
cJucJu 

VareO) are considered in Chapter 3. 

-J 
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2.6.6. The Properties of ML Estimators 

Under very general cunditions, the ML estimator has a number of 
desirable properties. First, the ML estimator is consistent. This means 
roughly that as the sample size grows large, the probabilíty that the 
ML estimator differs from the true parameter by an arbitrarily smal! 
amount tends toward O. Second, the ML estimator i8 asymptotically effi
cient, which mean s that the variance of the ML estimator is the small
est possible among consistent estimators. Finally, the ML esimator i8 
asymptotically normally distributed, which justifies the statistica) tests that 
are discussed in Chapter 4. Notice that these are asymptotic proper
ties, which means that they describe the ML estimator as the sample 
size approaches oo. The degree to which they apply in finite samples is 
discussed in Section 3.5. 

2.7. Conclusions 

The linear regression model is our point of departure for presentíng 
the models in later chapters. The next chapter begins by showing the 
problems inherent in using the LRM with a binary dependent variable. 
These problems lead to a latent regression mudel that generates the 
binary logit and probit models. 

2.8. Bibliographic Notes 

There are hundreds of texts dealing with the linear regression model. 
[n order of increasing difficulty, 1 recommend Griffiths et al. (1993) for 
an introductory text; Kmenta (1986), Greene (1993), and Theil (1971) 
as intermediate texts; and Amemiya (1985) for an advanced treatment. 
Manski (1995) provides a detailed discussion of the identification prob
lem. Four recommended sources on maximum likelihood, in order of 
increasing difficulty, are: Eliason (1993), Cramer (1986), Greene (1993, 
Chapter 12), and Davidson and MacKinnon (1993, Chapter 8). 




