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for stabilizing the error variance be utilized first, and then the residuals studied to see if 
serious departures from normality are still present We discuss transformations to achieve 
approximate normality in Section 3.9. 

omission of Important Predictor Variables 
When residual analysis indicates that an important predictor variable has been omitted from 
the model, the solution is to modify the model. In Chapter 6 and later chapters, we discuss 
multiple regression analysis in which two or more predictor variables are utilized. 

Outlying Observations 
When outlying obser vations are present . as in Figure 3.7a. use of the least squares and 
maximum likelihood estimators (1.10) for regression model (2.1) may lead to serious dis
tortions in the estimated regression function . When the outlying observations do not repre 
sent recording errors and should not be discarded, it may be desirable to use a~stimation 
procedure that places less emphasis on such outlying observations. We discuss one such 
robust estimation procedure in Chapter 11. 

3.9 Transformations 

We now consider in more detail the use of transformations of one or both of the original 
variables before carrying out the regression analysis. Simple transformations of either the 
response variable Y or the predictor variable X, or of both, are often sufficient to make the 
simple linear regression model appropriate for the transformed data. 

Transformations for Nonlinear Relation Only 

Example 

We first consider transformations for linearizing a nonlinear regression relation when the 
distribution of the error terms is reasonably close to a normal distribution and the error 
terms have approximately constant variance. In this situation, transformations on X should 
be attempted. The reason why transformations on Y may not be desirable here is that a 
transformation on Y, such as Y' = .Jy, may materially change the shape of the distribution 
of the 'error terms from the normal distribution and may also lead to substantially differing 
error term variances. 

Figure 3. 13 contains some prototype nonlinear regression relations with constant error 
variance and also presents some simple transformations on X that may be helpful to lin
earize the regre ssion relationship without affecting the distributions of Y. Several alternative 
transformations may be tried. Scatter plots and residual plots based on each transformation 
should then be prepared and analyzed, to decide which transformation is most effective. 

Data from an experiment oii the effect of number of days of training received (X) on 
performance (Y) in a battery of simulated sales situations are presented in Table 3.7, 
columns 1 and 2, for the 10 participants in the study. A scatter plot of these data is shown in 
Figure 3.14a. Clearly the regression relation appears to be ·curvilinear , so the simple linear 
regression model (2.1) does not seem to be appropriate. Since the variability at the different 
X levels appears to be fairly constant, we shall consider a transformation on X. Based on 
the prototype plot in Figure 3.13a, we shall consider initially the-square root transformation 
X' = ,Jx . The transformed values are shown in column 3 of Table 3.7. 
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FIGURE 3.13 
Prototype 
Nonlinear 
Regression 
Patterns with 
Constant Error 
Variance and 
Simple Trans
formatlon s 
ofX. 

TABLE 3.7 
Use of Square 
Root Transfor-
mat.ion of X to 
Linearize 
Regression 
Relation-
Sales Training 
Example. 

Prototype Regression Pattern Transformations of X 

(a) X' = log10 X X' "" .fx 

(b) X' = X2 X' = exp(X) 

(c) 
"~; ~ . ~ 

,,,r l " •:f .. 

- • I ~ 0 ~I ~ I t 

, ,1 -

X' = 1/X X' = exp(-X) 

(1) (~) (3) 
Sales Day,sof ,Performance 

Trainee Training S(oi:e 
{ X; l'; x: =,.../Xi 
1 .5 42.5 ]0711 
2 .5 .$0.6 .70711 
3 1.0 68:5 1'.00000 
4' 1.0 80.7 1.00000 · 
.5- 1;5 89_.0 1.22474 
6- .1_.,5. 99.6 1_.22474 ,,. 

7 2.0 105.'3 1.41421 
ff 2.0 1_11:8 1.41421 
9 2.5 l 12.3 1.58.114 . . ~ 

1.58114 10 -2.5 125.7 

In Figure 3.14b, the same dat.a are plotted with the predictor variable transformed to 
X' = ,Jx. Note that the scatter plot now shows a reasonably linear relation. The variability 
of the scatter at the different X levels is the same as before. since we did not make a 
transformation on Y. 

To examine further whether the simple linear regression model (2.1) is appropriate now, 
we fit it to the transformed X data. The regression calculations with the transformed X data 
are carried out in the usual fashion, except that the predictor variable now is X'. We obt.ain 
the following fitted regression function: 

Y = - 10.33 + 83.4SX' 

Figure 3.14c contains a plot of the residuals against X'. There is no evidence of lack of 
fit or of strongly unequal error variances. Figure 3.14d contains a normal probability plot of 
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Scatter Plots and Residual Plo~ ales Training Example. 

(a) Scatter Plot (~) Scatte r Plot agains t fx 
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(c) Residual Plot against fx (d) Norma l Probability Pl,ot 
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the residuals. No strong indi~ations of substantial departures from normality are indicated 
by this plot. This conclusion is supported by the high coefficient of correlation between the 
ordered residuals and their expected values under normality, .979. For a= .01, Table B.6 
shows that the critical value is .879, so the observed cqefficient is substantially larger 
and supports the reasonab leness of normal error terms. Thus, the simple linear regression 
model (2.1) appears to be appropriate here for the transformed data. 

The fitted regression function in the original units of X can easily be obtained, if desired: 

Y = - 10.33 + 83.45✓½ 
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FIGURE 3.15 
Prototype 
Regression 
Patterns with 
Unequal Error 
Variances and 
Simple Trans
formations 
of Y. 

(a) 

Prototype Regression Pattern 

(b) 

Transformations on Y 

Y' = ,fy 

Y' = 10910 y 

Y' = 1/Y 

Note : A simultaneous transformation on X may also be helpful or necessary. 

Comment 

At times, it may be helpful to introduce a constant into the transformation. For example, if some of 
the X data are near zero and the reciprocal transformation is desired, we can shift the origin by using 
the transformation X' = 1/(X + k), where k is an appropriately chosen constant. • 

Transformations for Nonnormality and Unequal Error Variances 

Example 

Unequal error variances and nonnormality of the error terms frequently appear together. 
To remedy these departures from the simple linear regression model (2.1), we need a 
transformation on Y, since the shapes and spreads of the distributions of Y need to be 
changed. Such a transformation on Y may also at the same time help to linearize a curvilinear 
regression relation. At other times. a simultaneous transformation on X may be needed to 
obtain or maintain a linear regression relation . 

Frequently, the nonnormality and unequal variances departures from regression 
model (2.1) take the form of increasing skewness and increasing variability of the distribu
tions of the error terms as the mean response E { Y} increases. For example, in a regression 
of yearly household expenditures for vacations (f) on household income (X), there will 
tend to be more variation and greater positive skewness (i.e., some very high yearly vacation 
expenditures) for high-income households than for low-income households, who tend to 
consistently spend much less for vacations . Figure 3.15 contains some prototype regression 
relations where the skewness and the error variance increase with the mean response E { f}. 
This figure also presents some simple transformations on Y that may be helpful for these 
cases. Several alternative transformations on Y may be tried, as well as some simultaneous 
transformations on X. Scatter plots and residual plots should be prepared to determine the 
most effective transformation(s). 

Data on age (X) and plasma level of a polyamine (f) for a portion of the 25 healthy 
children in a study are presented in columns 1 and 2 of Table 3.8. These data are plotted in 
Figure 3.16a as a scatter plot. Note the distinct curvilinear regression relationship, as well 
as the greater variability for younger children than for older ones. 



TABLE 3.8 
Use of 
Logarithmic 
Transforma
tion of Y to 
Linearize 
Regression 
Relation and 
Stabilize Error 
Variance-
Plasma Levels 
Example. 

Child 
i 

1 
2 
3 

4 
5 
6 
7 

19 
20 
2-1 
22 
23 
24 · 
25 

(1) 
Age 

X; 

0 (newborn.) 
0 (newborn) 
0 (newborn) 
0 (newborn) 
O (newborn) 
1.0 
1.0 

3.0 
3.0 
4.0 
4.0 
4.0 
4:0 
4.0 
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(2) 
Plasma Level 

Y; 

13.44 
12.84 
11.91 
20.09 
·15.60 
10.11 
11.38 

6.90 
6.77 
4.86 
5.10 
5.67 
5.75 
6.23 

(3) 

Y{ = iog10 Y; 

1.1284 
1.1086 
1'.0759 
1.3030 
1.1?31 
1.p048 
1.0561 

.8388. 

.8306' 

.6866 

.7076 

.?536 

.7597 

.z945_ 

On the basis of the prototype regression pattern in Figure 3.15b, we shall first try the 
logarithmic transformation Y' = log 10 Y. The transformed Y values are shown in column 3 
of Table 3.8. Figure 3.16b contains the scatter plot with this transformation. Note that the 
transformation not only has led to a reasonably linear regression relation, but the variability 
at the different levels of X also has become reasonably constant. 

To further examine the reasonableness of the transformation Y' = log 10 Y, we fitted the 
simple linear regression model (2.1) to the transformed Y data and obtained: 

Y' = 1.135 - .1023X 

A plot of the residuals against Xis shown in Figure 3.16c, and a normal probability plot of 
the residual s is shown in Figure 3. 16d. The coefficient of correlation between the ordered 
residuals and their expected values under normality is .981. For a = .05, Table B.6 inclicates 
that the critical value is .959 so that the observed coefficient supports the assumption of 
normality of the error terms. All of this evidence supports the appropriateness of regress_ion 
model (2.1) for the transformed Y data. 

Comments 
1. At times it may be desirable to introduce a constant into a transformation of Y, such as when 

Y may be negative. For instance, the logarithmic transformation to shift the origin in Y and make all 
Y observations positive would be Y' = l~g10(Y + k), wherek is an appropriately chosen constant. 

2. When unequal error variances are present but the regression relation is linear, a transformation 
on Y may not be sufficienl While such a transformation may stabilize the error variance, it will also 
change the linear relationship to a curvilinear one. A trn.nsformation on X may therefore also be 

required. This case can also be handled by using weighted least squares, a procedure explained in 
Chapter 11. · • 
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The difference between the two error sums of squares is called the lack of fit sum of squares 
here and is denoted by SSLF: 

SSLF = SSE - SSPE 

We can then express the test statistic as follows: 

F* = SSLF 
7 

SSPE 
c-2 n-c 
MSLF 

MSPE 

{3.24) 

(3.25) 

where MSLF denotes the lack of fit mean square and MSPE denotes the pu"fl, error mean 
~~re. ~ 

We know that large values of F* lead to conclusion Ha in the general linear test. Decision 
rule (2.71) here becomes: 

If F* < F(I - a; c - 2, n - c), c_onclude Ho 

If F* > F(I - a; c - 2, n - c), conclude Ha 
(3.26) 

~ 

For the bank example, the test statistic can be constructed easily from our earlier results: 

SSPE = 1,148.0 

SSE= 14,741.6 

n-c=ll-6=5 

SSLF = 14,741.6 - 1,148.0 = 13,593.6 c - 2 = 6 - 2 = 4 

* 13,593.6 1,148.0 
F = 4 7 5 

3,398.4 0 
=--=14.8 

229.6 

If the level of significance is to be a = .01, we require F(.99;4, 5) = 11.4. Since 
F* = 14.80 > 11.4, we conclude Ha, that the regression function is not linear. This, of 
course, accords with our visual impression from Figure 3.11. The P-value for the test is 
.006. 

ANOVA Table 
TI1e definition of the lack of fit sum of squares SSLF in (3.24) indicates that we have, in 
fact, decomposed the error sum of squares SSE into two components: 

SSE= SSPE + SSLF 

This decomposition follows from the identity: 

YiJ - fiJ = YiJ - Y1 + Y1 - fii ,.__,_, _____, _____, 
Emx- Pure error Lack of fit 

deviation deviation deviation 

(3.27) 

{3.28) 

This identity shows that the error deviations in SSE are made up of a pure error component 
and a lack of fit component. Figure 3.12 illustrates this partitioning for the case Y13 = 160, 
X3 = 125 in the bank example. 


